The mechanics of thin sheets (or plates) is determined by the interplay between bending and stretching [1] [2] [3] . As the sheet is deformed from its rest state, it bends out of its plane, but it must also stretch in its own plane, in order to accommodate its new shape. Bending rigidity B prevents the sheet from turning too sharp a corner, so it is the ratio of B to some other scale that sets the size of the smallest ridge [1] , or the wavelength of wrinkles [2, 3] . Shells are sheets that possess a non-trivial rest shape, such as a sphere or a cylinder. This introduces a non-trivial differential geometry into the problem, and introduces an extra length scale, such as the radius of the undeformed cylinder.
A particular focus of previous research has been the behavior of spherical shells; here we focus on cylindrical shells or tubes, which introduces a high degree of anisotropy into the problem, as they are curved in only the azimuthal direction, but flat along the axis. In particular, an object can be confined inside a tube without applying any external force, in which case a sharp corner forms at the geometrical intersection between the cylinder and the intruder. Here we will look at various ways in which this corner is regularized, even without invoking any bending rigidity. The resulting length scale bears some resemblance with the "elastic capillary length" introduced previously in the context of wrinkling [3, 4] .
We consider the contact mechanics of a thin-walled elastic tube that in its undeformed reference configuration has a cylindrical shape with radius a, into which is introduced a larger axisymmetric intruder of maximum radius R 0 > a (Fig. 1a) [5] [6] [7] . For simplicity we also assume that the intruder has a symmetry plane, here identified with s = z = 0, where s is the axial arclength coordinate in the reference state (Fig. 1a) and is therefore a material label. The tube may also be subject to a traction (force per area) σ(s) = {σ r (s), σ z (s)} acting along (Fig. 1a) ; σ can either be applied externally or may be a consequence of contact with the intruding object. ence of the intruder deforms the tube walls, resulting generically in contact between the tube and the intruder over a finite region. Figure 1b -e presents images of a spherical intruder (304 stainless steel ball bearing, radius R 0 = 6.35 mm) in a commercial cylindrically shaped latex party balloon (rest radius a = 3.25 mm, thickness b = 320 µm), clamped on one side and attached to the load cell of a universal testing machine (Instron) on the other side. We record the tensile force F as the cylindrical tube is stretched. The shape of the deformed tube is imaged with a high-resolution camera that is mounted on a motorized linear translation stage to follow the intruder during the stretching.
As can be clearly seen in Figs. 1b-e, stretching the tube increases the length scale over which the tube relaxes to its cylindrical shape. Simultaneously, the contact area between the soft tube and the rigid intruder decreases. We are interested in the structure and size of the contact region generated by the geometry of the intruder and the applied forces. As we will show, curvature singularities that occur nominally at the contact of the thin elastic tube with the surface of the intruder are not only regularized by the finite bending rigidity of the tube walls, but can be independently controlled through the axial stretching of the tube.
We model an intruder inside a cylindrical tube using a nonlinear shell theory analogous to the Föppl-von Kármán theory for plates [8] , applicable for small strains and moderate rotations of the elastic tube surface. In this theory, out-of-plane deformations and inplane stretching are treated within linear elasticity, but stretching is coupled geometrically to potentially large deformations of the shell from its rest state, resulting in a strongly nonlinear theory. Defining the displacements u(s) = (u r (s), u z (s)) and following the shell theory developed in Audoly and Pomeau [9] (p. 447), the deformation of the tube is governed by the radial and axial stress balances
where N s (s) and N θ (s) are, respectively, the axial and azimuthal diagonal elements of the in-plane stress tensor (with units of force per length). In particular, N θ is the hoop stress characteristic of cylindrical geometry. Equation (1a) has the form of a membrane equation [8] , where the second term resembles the capillary pressure term of a fluid cylinder [10] , with the tension N θ playing the role of surface tension. Expanding for small wall thickness b a (Young's modulus E, Poisson's ratio ν), one finds
, where primes denote derivatives with respect to the argument (in this case the undeformed arclength coordinate s) [9] . The bending rigidity of the tube walls has been neglected in (1), but will be considered below. In the limit a → ∞ one recovers the standard plate equations, and the hoop stress drops out of the description. We focus on the case relevant to our experiments, viz. no tractions act on the non-contacting part of the tube surface and purely axial stretching forces act at the tube ends (f The shapes are color-coded using the value of the dimensionless stretching force F = f /(Eb) where E = 1.29 MPa is the Young modulus of the latex tube. The shape of the tube depends both on the applied stretching force per circumferential length f and the shape of the intruder, given by r = R(z). In experiments, it is convenient to measure radial displacements as functions of the arclength in the deformed configuration S rather than in terms of the undeformed coordinate s. The tube loses contact with the intruder at two contact points s = ±s c (S = ±S c ) that depend on the stretching force and must be determined as part of the solution. Our experimental data suggest an exponential relaxation of the radial displacement u r −u ∞ r with distance from the contact point S −S c (lines in Fig. 2b ) over a length scale that increases with the dimensionless force. We now turn to predict this relaxation length theoretically.
It is convenient to rescale all lengths by a and definẽ s = s/a,s c = s c /a,ũ(s) = u(s)/a,R 0 = R 0 /a etc.; the contact location s c is unknown and must be determined as part of the solution. In the following, we focus on s ≥ 0 using symmetry and drop tilde accents for convenience. On the non-contacting part of the tube surface (s > s c ), where σ = 0, (1) reduce to
where
is the dimensionless stretching force introduced previously. Solving (2) yields general solutions
where C, D and s c are undetermined constants and we have dropped exponentially growing solutions. Thus, according to (3a), the tube relaxes from the contact point over a dimensionless length scale √ F, to a cylindrical shape of radius 1 − νF. This length scale is analogous to the "elastic capillary length" [3, 4] , but where instead of the intrinsic pressure N θ /a produced by the applied force, the pressure is imposed from the outside.
The unknown constants are determined by the solution in the contact region (0 ≤ s ≤ s c ). Since z(s) = s + u z (s) is the axial coordinate of a material point s in the deformed state, contact is characterized by the geometric condition R(z(s)) = 1 + u r (s). This yields the radial deformation gradient in the contact region, u r (s) = (1 + u z (s)) R (s + u z (s)). For frictionless contact, the tension N s remains constant over the contact region [so (2b) remains valid], though friction will modify this in general. Assuming negligible friction we use (2b) to write u z in favor of u r and u r , letting us recast the geometric constraint above as
valid for 0 ≤ s ≤ s c ; the argument of R is s+u z (s). Thus, we have reduced the problem to two uncoupled nonlinear ODEs (2b) and (4) for u r (s) and u z (s), which we solve numerically. The ODEs are subject to the symmetry condition u z (0) = 0 and continuity of the displacement and stress fields around the contact point, which, on using (3) are
, and u z (s c ) =
. Eliminating C yields the contact condition
which along with (2b) and (4) less arclength can then be computed from the numerical solution of the displacement field as S(s)
We solve (4) numerically for a spherical R(z) and an applied force F. Typical results are plotted in Fig. 3a , which shows both the shape of the tube surface and the location of the contact point for different F. As F decreases, the length √ F over which the tube relaxes [cf. (3)] becomes shorter, and the solution relaxes to a cylindrical shape more rapidly from the contact point. In the limit F → 0 a corner forms at the ring of intersection between the sphere and the tube (r = 1, z = z i = R 2 0 − 1), as shown Fig. 3a . In general, the contact point moves towards the symmetry point z = 0 with increasing F (Fig. 4) . In Fig. 3b we compare the predictions of our theory with experimental profiles for R 0 /a = 1.95 and two dimensionless forces (F=0.001 and F=0.5), finding excellent agreement.
In experiments, we observe an exponential decay of the radial displacement with the deformed arclength S − S c , which is recovered by numerical solutions of our model (symbols in Fig. 2b) . The slope of an experimental or theoretical curve on this plot defines a decay constant λ for a given F, corresponding to the exponential relaxation u r − u ∞ r ∝ exp {−λ (S − S c )}. The extracted λ values, representing inverse decay lengths, are plotted against the dimensionless axial force in Fig. 3c . Experimental decay exponents are shown for three different intruder radii R 0 /a = 1.46 (blue squares), 1.95 (red circles) and 2.44 (black diamonds) and are found to agree favorably with theoretical predictions (solid line) without fitting parameters. We find that the theoretical predictions for the decay exponents are insensitive to the intruder radius: in Fig. 3 , theoretical curves for different R 0 /a values are separated by distances smaller than the thickness of the solid black curve. Interestingly, we find that the theoretical decay exponents are equally insensitive to the presence of friction in the contact region [11] .
Axial stretching is small as F → 0, so S − S c ≈ s − s c in this limit. Consequently, (3a) shows that the decay exponent becomes asymptotically λ ≈ F −1/2 , which is confirmed by the dashed line in Fig. 3c . Thus, for small stretch, the tube relaxes to its cylindrical shape over a dimensional length scale f a 2 /(Eb) or F a/(2πEb); recall that F is the applied stretching force. We observe a deviation of the theory from the experiments at very small forces that we attribute to the finite bending stiffness of the tube in the experiments, and at very large forces that we attribute to the hyperelastic material properties of the latex at large [i.e. O(1)] strains.
As discussed previously, stretching also lowers the contact area between the tube and the intruder (Fig. 3a) . The axial location of the contact point z i − z c (obtained from theory) is plotted as a function of F in Fig. 4 . When δ ≡ R 0 − 1 1 and F 1, we find
Then, using a Taylor expansion of s c about z i , we find from (5) that z i − z c ∝ F 1/2 . As seen in Fig. 4 , this scaling works well except for the largest values of F, where z i −z c starts to depend on R 0 .
We now look at the effect of bending rigidity on the regularization of the curvature singularity by stretching. Bending rigidity of the sheet may be included by adding a bending traction σ b ≈ Eb 3 12(1−ν 2 ) u r to the right side of the radial stress balance (1a) [9] . Consequently, (2a) is modified to 1. Considering the limit F → 0, so that the curvature singularity is regularized by bending alone, the solution outside contact is u r (s > s c ) = Ce − √ i(s−sc)/β + c.c. The governing equations over the contact region remain unchanged from (4). The two regions are connected by continuity of displacement (u r ), stress (u r ) and bending moment (u r ) at the contact point. For a relatively small intruder (R 0 −1 1), we approximate z ≈ s and use these contact conditions to find z c ≈ z i − √ 2β. Thus, the curvatureregularizing effect of stretching dominates that of bending when √ F √ 2β, or f , corresponding to a linear strain of O(b/a). Thus, even a small amount of axial strain can lead to the curvature of the elastic shell being dictated by stretching and not bending.
In conclusion, we have investigated how an object is trapped elastically inside a cylindrical tube of radius a and thickness b. From the competition between hoop
